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Highlights2

• A face-interpolation-based CPM implementation is introduced.3

• CPM agrees better with CFD-DEM and experiments than MP-PIC.4

• Shear stress and advanced mapping improve CPM predictions compared to MP-PIC.5

• CPM predicts shorter mixing times than CFD-DEM.6
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Abstract10

We develop a new implementation of the Continuum Particle Method (CPM) introduced by

Verma and Padding (2020), a novel approach to multiphase particle-in-cell (MP-PIC) simu-

lations, based on a face interpolation method that aims to improve robustness and accuracy.

We present a comprehensive comparison of CPM, MP-PIC, and computational fluid dynamics

coupled with the discrete element method (CFD-DEM) against experimental data from the

literature for fluidized and spout-fluidized systems. We evaluate the methods using two drag

models and show that CPM agrees better with both experiments and CFD-DEM. We demon-

strate that the unsatisfactory performance of MP-PIC does not primarily arise from the selected

drag model. Instead, it results from the simplified particle stress model, which depends only

on the local particle volume fraction. This model accounts only for isotropic particle pressure

and neglects viscous and frictional particle stresses, thereby missing key resistance mechanisms

associated with shear and elongational deformation in dense particle regions. We also examine

the role of smoothing in CPM by varying the characteristic smoothing length applied to particle

fields. We show that smoothing strongly affects the predicted flow behavior and that the opti-

mal level of smoothing depends on the operating flow regime. Finally, we assess particle mixing

and find that CPM predicts faster mixing than CFD-DEM under the investigated conditions.

Overall, we show that CPM offers a promising and computationally efficient alternative for sim-

ulating dense gas–solid flows while retaining improved agreement with benchmark numerical

and experimental results.
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1. Introduction13

The examples of fluid-particle flows can be seen all around us from environmental flows14

such as sediment transport (Rahimi-Larki et al., 2026), contaminant transport in ground waters15

(Miller et al., 1998), and volcanic eruption (Lube et al., 2020), to many industrial applications,16

including, pneumatic conveying (Erken et al., 2024), fluidized beds (Schneiderbauer, 2018;17

Esgandari et al., 2021), spouted beds (Golshan et al., 2017; Hoorijani et al., 2023; Esgandari18

et al., 2023; Zand and Saidi, 2022), and risers (Capecelatro et al., 2014; Shaffer et al., 2013).19

The presence of the particle-phase in these flows leads to a broad range of length scales. These20

scales range from boundary layers and wakes on the surface of particles (typically of the order21

of micrometers/millimeters) termed as microscale, to particle volume fraction variations such22

as bubbles and heterogeneous particle structures (i.e., clusters) occurring in scales larger than23

particle size and smaller than the size of the system termed as mesoscale. The largest particle-24

laden flow structures are dictated by the size of the actual system (meters or kilometers) termed25

as macroscale (Subramaniam and Balachandar, 2022).26

The multi-scale nature of fluid-particle systems necessitates the need for a multi-scale mod-27

elling strategy capable of simulating the fluid-particle flows at various length and time scales28

with different levels of detail. Among the available multi-scale approaches, the TFM, MP-PIC29

method, and CFD-DEM are commonly used to simulate large systems. All of the mentioned30

approaches employ the locally-averaged Navier–Stokes equations to resolve the fluid phase on31

an Eulerian grid and utilize similar interphase closure models (i.e., drag and turbulence) to32

achieve two-way coupling between the fluid and particle phases. The key difference lies in their33

treatment of the particle phase: TFM models it as a continuum, while MP-PIC and CFD-34

DEM represent it as discrete phase. TFM employs kinetic theory of granular flows (KTGF)35

concept to describe particle-particle interactions. Meanwhile, in MP-PIC, particles are tracked36

in a Lagrangian framework, often using a parcel approach in which a single simulated particle37

represents many physical particles. Each parcel evolves according to Newton’s equations of mo-38

tion. Instead of explicitly resolving individual particle–particle collisions, MP-PIC models their39

collective effects through particle stress closures like the one proposed by Harris and Crighton40

(1994) and Srivastava and Sundaresan (2003). The particle stress gradient is evaluated on the41

Eulerian grid and then is interpolated to the location of the particles. CFD-DEM considers42

discrete particles, tracking movement of individual particles using Newton’s equations of mo-43

tion similar to MP-PIC, and captures particle-particle interactions with hard-sphere (Hoomans44

et al., 1996) or soft-sphere (Cundall and Strack, 1979) models.45
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For systems with very large particle numbers, CFD–DEM is often computationally pro-46

hibitive, and TFM or MP-PIC is therefore more commonly used. A key advantage of MP-PIC47

over TFM is that the solid-phase is represented by Lagrangian particles rather than a purely48

continuum description. This particle-based representation enables direct access to particle-scale49

statistics that are difficult to obtain with TFM. For example, MP-PIC can account for particle50

size distributions and facilitates straightforward evaluation of particle residence time distribu-51

tions. There have been some studies that have compared the performance of MP-PIC compared52

to CFD-DEM. Lu et al. (2017) compared experiments with simulations using CFD–DEM and53

MP-PIC for a small-scale bubbling fluidized bed. The MP-PIC cases included the open-source54

MFiX code (Garg and Dietiker, 2013) and the commercial Barracuda (CPFD) software. They55

evaluated particle velocity profiles and found that only CFD–DEM reproduced the rising solids56

velocity distribution in line with the experiments. In contrast, MP-PIC in both MFiX and57

Barracuda predicted noticeably different particle velocities. Overall, they reported both quan-58

titative and qualitative disagreement between MP-PIC and CFD–DEM for this small-scale59

system. Similar issues were also reported by Liang et al. (2014) where their CPFD MP-PIC60

model gave a reasonable solids velocity profile, but failed to capture bubble coalescence in61

bubbling fluidized beds. Based on these results, they recommended improvements to MP-PIC,62

especially to the particle stress model. In a lab-scale cold-flow spouted bed using two different63

air mass flow of 0.005 and 0.006 kg/s, Stroh et al. (2016) compared CFD–DEM with MP-64

PIC (Barracuda) against high-speed camera data, finding that while both methods captured65

the overall bed expansion and bubble development, CFD–DEM matched the flow-pattern de-66

tails better (including gas channel formation and bubble collapse/bursting), whereas MP-PIC67

tended to over-predict particle velocities (especially at early times) and missed key structures68

such as the emerging gas channel and solids accumulation, with discrepancies becoming larger69

at the higher flow rate. Given to the poor performance of MP-PIC models, Verma and Padding70

(2020) introduced a new approach to MP-PIC called as Continuum particle model (CPM). This71

approach is similar to MP-PIC in treating both fluid and particle phases. The main difference72

with MP-PIC is that CPM (i) relies on a robust measurement of the local solids deformation73

rate, which is essential for accurate local stress estimation, and (ii) updates particle velocities74

using a simple formulation based on the local divergence of the solids stress tensor. They com-75

pared MP-PIC (Barracuda), CPM, and CFD-DEM for a pseudo-2D bubbling fluidized bed and76

found that CPM with the Srivastava and Sundaresan (2003) stress model reproduced CFD-77

DEM closely in time-averaged porosity patterns, bed height fluctuations, bubble size, and axial78

particle velocity profiles, whereas MP-PIC showed clear deviations, including smaller bubbles79
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and weak bubble coalescence, unrealistically dense packing, and incorrect particle velocity/flow80

structure compared with CFD-DEM.81

In this work, we present a new implementation of the CPM, based on a face interpolation82

approach introduced in our previous work (Esgandari and Schneiderbauer, 2025), which rep-83

resents a novel mapping strategy compared to the linear interpolation approach employed by84

Verma and Padding (2020) showing considerably improved predictions of bubbling and spout85

structures compared with MP-PIC. A further novelty of this work is the incorporation of a86

particle stress model based on the closure of Chialvo et al. (2012), including isotropic particle87

pressure as well as viscous and frictional particle stresses. This closure spans the quasi-static,88

intermediate, and collisional regimes while avoiding the evaluation of granular temperature89

required by the Srivastava and Sundaresan (2003) closure employed by Verma and Padding90

(2020). In addition, the Srivastava and Sundaresan (2003) closure does not consider the in-91

termediate and collisional regimes, which would require the inclusion of granular temperature92

when using closures based on the kinetic theory of granular flows. The proposed CPM is93

systematically evaluated against MP-PIC (Barracuda), CFD-DEM, and experimental data for94

bubbling, single-spout, and triple-spout fluidized beds. In addition, a detailed comparison be-95

tween CPM and CFD-DEM is performed in terms of time-averaged particle velocity, solids96

volume fraction, and particle mixing. Finally, the influence of the smoothing characteristic size97

δf on the predicted particle field data is investigated under different fluidization and spouting98

regimes.99

2. Continuum particle model (CPM)100

2.1. Fluid-phase equations101

The volume-filtered governing equations for mass and momentum of the gas phase with102

considering particles presence are given by103

∂(αgρg)

∂t
+∇ · (αgρgug) = 0, (1)104

105

∂ (αgρgug)

∂t
+∇ · (αgρgugug) = −αg∇pg +∇ · (αgτ g) + Fdrag + αgρgg, (2)106

where ρg is the density of the fluid phase, ug is the velocity of the fluid phase, pg is the107

fluid phase pressure, g is the gravitational acceleration, and a Newtonian deviatoric stress is108

considered for the fluid phase stress-strain tensor, τ g. Also, Fdrag represents the interphase109

momentum exchange force which is the drag force. In this study, we implement Fdrag in a semi-110
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implicit manner as explained in the supplementary material of our previous work (Esgandari111

and Schneiderbauer, 2025).112

2.2. Particle-phase equations113

The particle-phase momentum equation is114

mi
dup,i

dt
= Fp−p

i + Fg−p
i + Fgrav.

i , (3)115

116

Ii
dωp,i

dt
= T i, (4)117

where mi is the particle mass, up,i is the particle translational velocity, ωp,i is the particle118

rotational velocity, T i is the torque. Moreover, Fgrav.
i is the gravitational body force. The main119

distinction between CFD-DEM and CPM approaches lies on how particle-particle collision force,120

Fp−p
i , is treated. In our CFD-DEM simulations, we evaluate the contact forces by adopting121

soft-sphere model. However, in CPM the particle-particle contact forces are evaluated from the122

divergence of the particle stress.123

2.3. Particle-gas interaction force models124

Particle-gas interaction forces, Fg−p
i , are125

Fg−p
i = ViFdrag,i − Vi∇pg@i − Vi∇ · τ g@i, (5)126

where Vi is the particle volume. The first term on the right-hand side of Eq. (5), represents127

the fluid drag force applied to a particle, Fdrag,i = β(ug@i − up,i), the second term denotes128

the pressure gradient force, and the third term shows the viscous force originating from the129

deviatoric fluid-phase stress tensor. In addition, @i denotes that the properties of the fluid130

phase are interpolated to the location of the particle i.131

2.4. Particle stress model132

The particle stresses arise from compressive, shearing, and elongation deformations of the133

particle system. The particle stress tensor, Sp, composed from normal and shear terms, reads134

as135

Sp = ppI− 2µp devDp, (6)136

where I is the identity tensor, pp is the normal stress (particle pressure), µp is the particle137

friction, and devDp = Dp − 1
3
tr (Dp) I. Here, an inertial-number-dependent friction coefficient138
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based on µ(I)-rheology could be used. However, because µ(I)-rheology is known to lack grid139

convergence and grid refinement may lead to numerical instabilities (Barker et al., 2015), we140

do not employ it here. The strain rate tensor is defined as, Dp = 1
2
(∇up + (∇up)

T). Verma141

and Padding (2020) adopted the stress model of Srivastava and Sundaresan (2003), while in142

the work, we use the particle stress model proposed by Chialvo et al. (2012). The Chialvo et al.143

(2012) includes isotropic particle pressure as well as viscous and frictional particle stresses.144

This closure spans the quasi-static, intermediate, and collisional regimes while avoiding the145

evaluation of granular temperature required by the Srivastava and Sundaresan (2003) closure146

for the frictional stress and by the kinetic theory model covering the collisional regime. This147

particle stress model is148

pp =




pQS
p + pintp for αp ⩾ αmax

p
((
pinertp

)−1
+
(
pintp

)−1
)−1

for αp < αmax
p

, (7)149

where pQS
p , pintp , and pinertp denote quasi-static, intermediate and inertial regimes contributions150

and take the form (Chialvo et al., 2012)151

pQS
p dp

k
= αQS

∥∥αp − αmax
p

∥∥2/3 (8)152

153

pint
p dp

k
= αint ˆ̇γ

1/2
p (9)154

155

pinert
p dp

k
=

αinert ˆ̇γ
2
p∥∥αp − αmax

p

∥∥2 (10)156

where the scaled shear rate is defined as157

ˆ̇γp =
2 ∥devDp∥ dp√

k/ (ρpdp)
, (11)158

and dp, k and αmax
p are the particle diameter, the particle stiffness, and the maximum packing.159

Furthermore, αQS, αint , and αinert denote the model parameters. Following Schneiderbauer160

et al. (2015), substituting Eq. (11) into pinert
s reveals that pinert

s is not dependent on the161

particle stiffness which reads162

pinert
p = 4ρpαinert

(∥devDp∥ dp
αp − αmax

p

)2

. (12)163
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2.5. Mapping and smoothing164

To solve the fluid phase mass and momentum equations (Eqs. (1)-(2)), particle data in-165

cluding volume, velocity, and drag force should be volume-filtered (mapped) on the grid. The166

locally-averaged (mapped) quantity is obtained according to,167

αpψ̃(xq, t) =

Np∑

i

ψiG (|xi − xq|)Vi (13)168

where q = f represents the center of cell faces in case of GaussFace method which was introduced169

in our previous work (Esgandari and Schneiderbauer, 2025). Also, xi is the position of the170

particle. Using ψi = 1, ψi = up,i, and ψi = Fdrag,i will lead to αp, αpup, and αpF
drag. In171

GaussFace method, the particle data are distributed to the neighboring cells using weights172

evaluated based on a Gaussian kernel,173

G (|xi − xf |) =
1

σ
√
2π
e−

r2

2σ2 (14)174

where r is the distance between the particle center and the cell face centers (Cf ) and the175

standard deviation of the kernel is defined as σ = ∆x/(2
√
2ln2), such that the full width at176

half the height of the kernel is equal to grid size, ∆x (Capecelatro and Desjardins, 2013). By177

normalizing the weights, the conservation of the particle data is ensured. In the next step, since178

in Finite Volume Method (FVM), the values in the cell centers, ψ̃, are required, the distributed179

data are summed with considering a face weight, ζf , to obtain the cell center value,180

αpψ̃ =

Np∑

i

1

Ni

Nf∑

f∈Fi

ζfψiG (|xi − xf |)Vi (15)181

where Nf is the number of cell face and Fi represents the set of faces belonging to the cell182

containing the particle. The normalization is performed by applying Ni =
∑

f∈Fi
G (|xi − xf |).183

If the cell face is located in the outline of the domain (wall, inlet or outlet boundary) ζf = 1,184

otherwise in internal faces, processor and periodic boundaries, ζf = 0.5, leading to diffusion185

of the particle data from a cell to its neighbors. The grid-independency of CFD-DEM simula-186

tions using GaussFace mapping method and smoothing has been covered in our previous work187

(Esgandari and Schneiderbauer, 2025).188

The following transient diffusion equation is solved to obtain smoother particle data fields189

after mapping is done,190

∂ψ̃

∂t
= D∇2ψ̃, (16)191
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where D is a diffusion coefficient and is evaluated using D = δ2f/(16ln2∆t) (Capecelatro and192

Desjardins, 2013). In this method, δf and ∆t are the smoothing characteristic size and CFD193

time step, respectively. Furthermore, ψ̃ indicates the smoothed field.194

2.6. Numerical implementation of particle stress model195

As can be deduced from Eq. (6), the shear (viscous) stress requires the evaluation of particle196

velocity gradient (∇ũp,f ) in the faces of computational cells. It can efficiently be calculated197

using the position and velocity of the individual particles using (Verma and Padding, 2020)198

∇ũp,f = G−1
f ·Cf , (17)199

200

Gf =
1

Mf

Np∑

i

1

Ni

Nf∑

f∈Fi

ζf mp,i G (|xi − xf |) (ri −Rcm,f )⊗ (ri −Rcm,f ), (18)201

202

Cf =
1

Mf

Np∑

i

1

Ni

Nf∑

f∈Fi

ζf mp,i G (|xi − xf |) (ri −Rcm,f )⊗ (vi −Vcm,f ), (19)203

with204

Mf =

Np∑

i

1

Ni

Nf∑

f∈Fi

ζf mp,i G (|xi − xf |) , (20)205

206

Rcm,f =
1

Mf

Np∑

i

1

Ni

Nf∑

f∈Fi

ζf mp,i xi G (|xi − xf |) , (21)207

208

Vcm,f =
1

Mf

Np∑

i

1

Ni

Nf∑

f∈Fi

ζf mp,i up,i G (|xi − xf |) , (22)209

where mp, G, and C are the gyration tensor and position-velocity correlation tensor of all Np210

particles present in the computational cell. Also, M , Rcm, and Vcm denote the total particle211

mass, and center of mass of position and velocity of all particles present inside a computational212

cell. It needs to be mentioned that all quantities as marked by the subscript f are evaluated at213

the center of the faces of the grids, this is due to the fact that our mapping method evaluates214

the variables on the faces.215

The particle-particle contact force in CPM, Fp−p
i , can be calculated with216

Fp−p
i = −

(
mi

αp@iρp
∇ · Sp

)

@i

, (23)217

where mi is the particle mass. According to Eq. (6), the particle stress tensor is comprised218
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from normal and shear stresses, therefore Fp−p
i can be divided into two parts219

Fp−p
i = F

∇pp
i + F

∇·(devDp)
i = −

(
mi

αp@iρp
∇pp

)

@i

+

(
2µpmi

αp@iρp
∇ · (devDp)

)

@i

. (24)220

It need to be mentioned that ∇pp and ∇ · (devDp) are evaluated directly from the face values221

which is obtained from the adopted GaussFace mapping method and are interpolated to the222

location of the particle. Therefore, the particle velocity update due to the normal stress can be223

evaluated using224

u
∇pp
p,i =

−∆t∇pp@i

ρpαp@i

, (25)225

where ∆t is the time step. The particle velocity change due to the normal stress is evaluated226

only when the relative particle velocity, urel,p = up,i−ũp@i, is directed toward increasing volume227

fraction (i.e., urel,p ·∇αp@i > 0); otherwise, u∇pp
p,i is set to zero. In the second step, the velocity228

update obtained from Eq. (25) may become large due to high values of ∇pp@i. Therefore,229

the particle velocity must be bounded, which can be mathematically expressed as (Verma and230

Padding, 2020)231

u
∇pp
p,i =MinMod

[
u
∇pp
p,i ,−(1 + ep)(urel,p)

|up,i|
|urel,p|

]
. (26)232

The MinMod operator returns zero if its inputs have opposite signs, otherwise it returns233

the minimum of the arguments. Note that the particle velocity magnitude is computed while234

accounting for the particle coefficient of restitution, ep, which defines particle-particle collision235

characteristics. In this way, the continuum particle normal stress gradient applied to a discrete236

particle is limited by the particle velocity relative to the mean flow velocity, and it becomes237

dominant close to dense particle packing. Based on the calculated u
∇pp
p,i , we can obtain238

F
∇pp
i =

u
∇pp
p,i mi

∆t
(27)239

The second part of the particle velocity update stems from the shear stress which is calcu-240

lated from241

u
∇·(devDp)
p,i =

∇ · (devDp · Sf )∆t

ρpαp@i

. (28)242

Then, F∇·(devDp)
i can be computed from243

F
∇·(devDp)
i =

u
∇·(devDp)
p,i mi

∆t
. (29)244
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2.7. Particle-wall contacts245

Particles are allowed to collide with the wall so that they remain inside the computational246

domain. Because the chosen time step is relatively large in CPM simulations, particle–wall247

interactions can be modeled using a hard-sphere collision approach. As an example, consider248

a particle with velocity, vi. Before it collides with a wall, its velocity can be decomposed into249

tangential and normal components relative to the wall, denoted by vi,t and vi,n, respectively. The250

hard-sphere model is defined by three collision parameters: the normal restitution coefficient en,251

the tangential restitution coefficient β0, and the friction coefficient µ. Using these parameters,252

the post-collision particle velocity is computed from Eqs. (30) and (31).253

v′i,n = −envi,n (30)254

v′i,t − vi,t =





−2

7
(1 + β0)vi,t, if − µ(1 + en)vi,n ≥ 2

7
(1 + β0)vi,t,

µ(1 + en)vi,n, otherwise.
(31)255

2.8. Interphase drag force256

Interphase drag force is the important source of momentum exchange between the phases.257

Table 1 summarizes two different interphase drag coefficients studied in this paper. The inter-258

phase drag coefficient correlations are either obtained through measurements of pressure drop259

and terminal velocity of sedimenting particles or via accurate direct numerical simulations260

(DNS). The model of Wen and Yu (1966) is one of the empirically obtained interphase drag261

models which is widely used in simulations of fluid-solid systems. The other drag correlation,262

Beetstra et al. (2007) in the Table 1 was obtained from DNS. It is clear that all interphase drag263

models are functions of Re number and αp. Furthermore, it should be mentioned that none of264

the interphase drag correlations listed in Table 1 includes the pressure gradient force effect.265

Table 1: Interphase drag coefficient correlations
Correlation Interphase drag coefficient Re αp

Wen and Yu (1966) β =
3

4
CD

ρfαfαp |uf − up|
dp

α−2.65
f

with CD =

{
24/Re

(
1 + 0.15Re0.687

)
Re < 1000

0.44 Re ≥ 1000

Re =
αfρfdp |uf − up|

µf

Beetstra et al. (2007) β = 180
µfα

2
p

d2pαf
+ 18

µfα
3
fαp

(
1 + 1.5

√
αp)

d2p
20 < Re < 1000 up to 0.6

+0.31
µfαpRe

d2pαf

[
αf

−1 + 3αfαp + 8.4Re−0.343
]

[1 + 103αpRe−0.5−2αp ]
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3. Mixing indices266

Evaluating mixing in a system is essential because it provides a quantitative measure of how267

uniformly particle species are distributed, which directly affects process performance and final268

product quality. In granular systems, reliable mixing assessment also helps identify segregation269

mechanisms and supports the optimisation of industrial operations such as those in pharma-270

ceutical, agricultural, and chemical applications. In this paper, we will evaluate the degree of271

mixing in our simulations, using Lacey index and neighbour distance method.272

The Lacey index (Lacey, 1954), denoted by MLI, is a widely used grid-based mixing index273

for quantifying the degree of mixing in binary particulate systems. In this approach, the274

computational or experimental domain is divided into S non-empty samples or grid cells, and275

the local composition in each sample is compared with the global composition of the system.276

Let P = Pa + Pb denote the total number of particles in the system, while Pa and Pb represent277

the numbers of particles of type a and type b, respectively. For the i-th sample, Pi = Pa,i+Pb,i278

denotes the total number of particles, and Pa,i and Pb,i denote the numbers of particles of type279

a and type b within that sample. The global fraction of type a particles is represented by280

fa = Pa/P , while the corresponding local fraction in sample i is fa,i = Pa,i/Pi. The Lacey281

index is based on the variance of these local particle fractions across all samples. The variance282

of local particle fractions is calculated as283

σ2 =
1

S − 1

S∑

i=1

(fa,i − fa)
2 . (32)284

This variance is large when the system is segregated, since the local fractions differ strongly285

from one sample to another, and small when the system is well mixed, since the local fractions286

approach the global mean. To normalize the result, Lacey (1954) introduced two reference287

variances: the variance of a theoretically fully mixed system,288

σ2
m =

fa(1− fa)

n
(33)289

where n is the average number of particles per sample, and the variance of a fully segregated290

system,291

σ2
s = fa(1− fa). (34)292
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Using these reference values, the Lacey index is defined as,293

MLI =
σ2 − σ2

s

σ2
m − σ2

s

. (35)294

In this normalized form, MLI = 0 corresponds to a completely segregated state, whereasMLI = 1295

corresponds to a fully mixed state. This index performs best when the solid fraction is fairly296

uniform and when each sample contains a sufficient number of particles to ensure statistically297

reliable results (Füvesi et al., 2025).298

The Neighbour Distance Method (NDM) belongs to the class of distance-based mixing in-299

dices, which evaluate mixing by using the spatial positions of particles directly (Füvesi et al.,300

2025). In numerical simulations, particle positions are readily available, making these meth-301

ods attractive because they do not require additional procedures such as binning. Instead,302

they quantify mixing through distances between particles or between particles and reference303

positions. Among these methods, the NDM assesses the extent of mixing by monitoring how304

initially neighbouring particles separate over time. At the initial state, each particle is assigned305

its closest neighbour, forming one set of particle pairs, while a second set is formed by ran-306

domly pairing particles throughout the system. The distances between the neighbouring pairs307

are denoted by rn,j, whereas the distances between the random pairs are denoted by rr,j. The308

first set reflects the local spreading of particles caused by mixing, while the second set provides309

a normalization that accounts for possible changes in the overall system size. In this way, the310

NDM provides a normalized measure of particle dispersion, with values ranging from 0 for a311

segregated state to 1 for a mixed state. An important advantage of this method is that it can312

evaluate mixing for the entire system without requiring the prior selection of a specific particle313

type to trace, which makes it applicable to a broader range of system compositions (Füvesi314

et al., 2025). A key limitation of NDM is that, because it relies only on geometric distances315

between particle pairs, it does not directly account for particle-type differences. As a result, it316

may not capture segregation driven by properties such as particle size or density. The NDM317

index is defined as318

MNDM =

∑P
j=1 (rn,j − dn,j)∑P
j=1 (rr,j − dr,j)

(36)319

where P is the total number of particles, rn,j is the distance between particle j and its initially320

closest neighbour, rr,j is the distance between particle j and its randomly assigned pair, and321

dn,j and dr,j are the average particle diameters of the corresponding pairs.322
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4. Results and discussion323

In this section, all CPM simulations were performed using first-order implicit Euler time dis-324

cretization. In addition, the simulations presented in this paper employed second-order spatial325

schemes for both the diffusion (Gauss linear (Greenshields and Weller, 2022)) and advection326

(linearUpwindV (Greenshields and Weller, 2022)) terms in the Navier–Stokes equations.327

For pressure-velocity coupling, the PIMPLE algorithm, which combines the Semi-Implicit328

Method for Pressure-Linked Equations (SIMPLE) and the Pressure Implicit with Splitting of329

Operators (PISO) methods, was used. In the CPM framework, the fluid-phase equations are330

solved on an Eulerian grid in OpenFOAM, while the particles are tracked individually in a331

Lagrangian framework using LIGGGHTS. The coupling between the fluid and particle phases332

is handled through CFDEMcoupling. In this work, we treat the interphase momentum exchange333

term in Eq. (2), Fdrag, in a semi-implicit manner which reads as334

Fdragn+1

= F̃n
drag + β̃un

g︸ ︷︷ ︸
Explicit part

− β̃un+1
g︸ ︷︷ ︸

implicit part

, (37)335

where336

F̃n
drag =

Np∑

i

1

Ni

Nf∑

f∈Fi

ζfβi
(
un
p,i − un

g@i

)
G (|xi − xf |) ,

β̃ =

Np∑

i

1

Ni

Nf∑

f∈Fi

ζfβi G (|xi − xf |) ,
(38)337

where the superscripts "n" and "n + 1" represent the explicit (old time) and implicit (new338

time) quantities. As can be seen from Eq. (37), in order to handle Fdrag in a semi-implicit339

manner, an explicit term involving ug is incorporated first, followed by the subtraction of its340

implicit form. Moreover, the particle velocity, up,i, used in evaluating the drag force is treated341

explicitly.342

4.1. Bubbling fluidized bed of Gopalan et al. (2016)343

4.1.1. Simulation settings344

The experimental data from bubbling fluidized bed of Gopalan et al. (2016) are adopted345

to validate the performance of CPM. The simulation parameters and material properties are346

listed in Table 2. The geometry of the fluidized bed can be seen in Fig. 1. A grid size of347

∼ 4.6dp, corresponding to 16× 5× 66 cells in x-, y-, and z-direction, is used. This grid spacing348

size was chosen based on the grid size sensitivity studies of Verma and Padding (2020), Ayeni349

et al. (2016), and Lu et al. (2017). The total number of Geldart D particles were 95000. The350
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simulations were performed for a duration of 20 s to ensure that a statistical steady state is351

attained. The statistics were averaged over time from 5 s to 20 s. No-slip boundary condition352

was applied to the gas phase velocity at the walls. At the inlet of the bed, uniform gas velocity353

was specified and atmospheric pressure was used at the top of outlet. The computational time354

for 1 s of simulation on 16-core CPU with 2.6 GHz frequency in case of CPM and CFD-DEM355

simulations was 420 s and 3340 s, respectively.356

Table 2: Simulation parameters related to bubbling fluidized bed of Gopalan et al. (2016).
Property Value Unit

dp 3.256 mm
µf 1.8× 10−5 kg m−1 s−1

ρf 1.2 kg m−3

ρp 1131 kg m−3

g 9.81 m s−2

ep−p 0.8 -
µp−p 0.3 -
αQS 0.1 -
αmax
p 0.65 -
αint 0.1 -
αinert 0.04 -
k 1000 N m−1

∆t 0.001 s

23 cm

7.5 cm

100 cm

Uinlet 

Fig. 1: The geometry of bubbling fluidized bed of Gopalan et al. (2016). The Uinlet is 3.28 m s−1.

4.1.2. Validation results357

In order to examine the effect of interphase drag models on hydrodynamics of the fluidized358

bed, the simulations with the interphase drag correlations of Table 1 are performed. Fig. 2359

compares the time-averaged vertical particle velocity extracted from CPM and MP-PIC (Bar-360

racuda) simulations with the experimental measurements of Gopalan et al. (2016). All CPM361
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simulations, using either drag model, successfully capture the correct bubbling flow regime of362

the bed. In these simulations, the bubbles rise mainly through the center of the bed, while363

their motion causes particles near the side walls to move downward. For the CPM (δf = 7dp),364

MP-PIC, CPM with GaussFace mapping (δf = 7dp, Harris and Crighton (1994)), and CPM365

with PIC mapping (δf = 7dp, Harris and Crighton (1994)), the RMSE values relative to the366

experimental data are 0.069, 0.244, 0.343, and 0.245, respectively, when using the Wen and367

Yu (1966) drag model, and 0.274, 0.259, 0.493, and 0.233, respectively, when using the Beet-368

stra et al. (2007) drag model. Quantitatively, CPM simulation using Wen and Yu (1966) drag369

model and δf = 7dp with Chialvo et al. (2012) stress model matches relatively well with ex-370

periments than the simulation with Beetstra et al. (2007) drag model. The particle velocity is371

over-predicted when using the drag model of Beetstra et al. (2007) because, for particle volume372

fractions below αp = 0.4, this model gives higher drag coefficients than Wen and Yu (1966)373

model as reported by Liu and van Wachem (2019). As can be seen, MP-PIC simulations using374

Barracuda cannot capture the correct bed dynamics. Fig. 3 shows that the MP-PIC simula-375

tion in Barracuda produces small bubbles, whereas the CPM using Chialvo et al. (2012) stress376

model predicts larger bubbles. The reason lies in the particle stress model incorporated in the377

Barracuda, which is from the work of Harris and Crighton (1994) and defined as378

Sp =
P ∗αβ

p

max(αmax − αp, δ)
I. (39)379

We adopted P ∗ = 1, β = 2, and δ = 10−8 in our MP-PIC simulations. However, modify-380

ing the values of P ∗ and β did not improve the results as presented in Appendix A. It can381

be seen from Eq. (39) that the model includes only isotropic particle pressure and neglects382

viscous/frictional particle stresses, so it misses important resistance against shearing and the383

elongational deformation in dense regions. Lu et al. (2017) obtained a particle velocity profile384

similar to that predicted by MP-PIC using the MFiX software. We further investigated the385

effect of this simplified stress model in the CPM. We perform CPM simulations with a particle-386

in-cell (PIC) mapping strategy, whereby the particle data is attributed to the cell in which the387

particle centroid resides. To ensure consistency with the MP-PIC framework, the particle-phase388

stress is modeled using the formulation of Harris and Crighton (1994). As shown in Fig. 2, the389

results are comparable to those obtained with MP-PIC. Moreover, the instantaneous particle390

distribution predicted by CPM using the Harris and Crighton (1994) stress model together391

with the PIC mapping method closely resembles the MP-PIC result, as illustrated in Fig. 3.392

In addition, we change the mapping method from PIC to GaussFace using Harris and Crighton393
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(1994) stress model. Our results indicate that Harris and Crighton (1994) stress model using394

GaussFace mapping method over-predicts the upward particle velocity in the bed and produces395

large bubble sizes as is evident in Fig. 3. These observations suggest that to improve the MP-396

PIC performance, one needs to use an appropriate particle data mapping and particle stress397

closure together. Therefore, in the remainder of this paper, the Harris and Crighton (1994)398

stress model and PIC mapping are not employed in the CPM simulations.399

(a) (b)

Fig. 2: Comparison of the time-averaged vertical particle velocity obtained from CPM using Chialvo et al.
(2012) stress model, CPM using Harris and Crighton (1994) stress model and GaussFace mapping method,
CPM using Harris and Crighton (1994) stress model and PIC mapping method, and MP-PIC (Barracuda) with
the experimental data of Gopalan et al. (2016) at z = 0.0762 m. (a) simulations using Wen and Yu (1966) drag
model and (b) simulations using Beetstra et al. (2007) drag model.

(a) (b) (c) (d)

Fig. 3: Instantaneous particle distribution at t = 10 s from (a) CPM using Chialvo et al. (2012) stress closure,
(b) CPM using Harris and Crighton (1994) stress closure and GaussFace mapping method, (c) CPM using
Harris and Crighton (1994) stress closure and PIC mapping method, and (d) MP-PIC (Barracuda) in Gopalan
et al. (2016) fluidized bed.
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4.1.3. Effect of different smoothing characteristic sizes (δf) on CPM simulations400

To ensure numerical stability, smoothing of the particle data fields is essential (Pirker et al.,401

2011; Esgandari et al., 2024). In the validation section, the CPM simulations were performed402

using a filter size of δf = 7dp. However, it is important to examine how the results change403

when different filter sizes are used. To investigate this, additional simulations were carried404

out without smoothing and with δf = 5dp, 7dp, and 10dp. Furthermore, based on the CPM405

validation results, we conducted a CFD-DEM simulation using Wen and Yu (1966) drag model406

with δf = 7dp in order to compare the CPM approach against a higher-fidelity simulation407

method. This simulation-experiment synergy in understanding complex flow mechanisms has408

been used in previous literature (Su et al., 2026). To be consistent with the CPM simulations,409

particle rotation was not considered in the CFD-DEM simulations. The effect of particle410

rotation on the predictions of CFD-DEM simulations is presented in Appendix B. The details411

of the CFD-DEM methodology are available in our previous studies (Esgandari et al., 2025;412

Esgandari and Schneiderbauer, 2025).413

Time-averaged particle velocity and volume fraction profiles414

Fig. 4(a) shows the time-averaged particle velocity profiles. The RMSE values for CFD-415

DEM, CPM without smoothing, and CPM with δf = 5dp, 7dp, and 10dp are 0.032, 0.112,416

0.104, 0.069, and 0.158, respectively. Without smoothing, the predicted particle velocity does417

not agree well with the experimental and CFD-DEM data. As the δf increases up to 7dp, the418

agreement improves, particularly near the side walls. However, when δf is further increased to419

10dp, the velocity profile changes from symmetric to asymmetric. This suggests that the bubbles420

predominantly move toward the left side of the bed, which is inconsistent with the experimental421

and CFD-DEM observations. Overall, the simulations are able to capture the bubbling flow422

regime in the fluidized bed independent of the smoothing characteristic length. However, best423

agreement of the particle velocity profile with the experimental data is achieved using δf = 7dp.424

Fig. 4(b) presents the laterally and time-averaged particle volume fraction along the bed425

height. The lateral average is obtained by averaging over all cells in the bed cross-section at426

each vertical position. Overall, the solids volume fraction is highest near the bottom of the427

bed and decreases gradually with height. It is also observed that the bed height predicted by428

CFD-DEM is slightly larger than that predicted by the CPM simulations. Although the CPM429

result with δf = 10dp appears to match the CFD-DEM profile, this agreement is disregarded430

because the same case does not reproduce the bed dynamics correctly, particularly the vertical431

particle velocity. Increasing δf up to 7dp leads to bubble eruption at higher elevations, causing432
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the predicted solids volume fraction profile to more closely match the CFD-DEM result.433

(a) (b)

Fig. 4: Comparison of the (a) time-averaged vertical particle velocity obtained from CFD-DEM and CPM with
the experimental data of Gopalan et al. (2016) at z = 0.0762 m and (b) laterally and time-averaged particle
volume fraction along the bed height from CFD-DEM and CPM simulations with different δf values.

Particle mixing434

Fig. 5 shows the mixing behavior obtained from CFD-DEM and CPM simulations at435

different δf values, evaluated using both the Lacey index and the nearest distance method436

(NDM). Based on the cell size sensitivity study presented in Appendix C, a grid of (16 × 5 ×437

80) cells was selected for calculating the Lacey index. This configuration resulted in an average438

of approximately 20 particles per non-empty cell. Initially, the bed particles were divided into439

two types with equal numbers of particles and arranged along the bed height, so the system440

started from a segregated state.441

As the simulation progresses, the particles gradually move from this segregated state toward442

a mixed state, which is also visible in Fig. 6. However, the two mixing indices do not show443

exactly the same trend. The Lacey index does not reach the value corresponding to a fully444

mixed state, while the NDM does. In addition, the Lacey index predictions show relatively445

large fluctuations near the maximum mixing degree. This suggests that the Lacey index is not446

well suited for assessing mixing in fluidized beds, where dense and dilute regions coexist. In447

particular, the dilute regions create grid cells with very low particle concentration, which can448

distort the cell-based statistics and lead to artificial behavior in the Lacey index (Füvesi et al.,449

2025).450

Looking at the NDM results, the CPM simulations show only small differences in mixing451

behavior across the different δf values. The results also indicate that mixing develops more452
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slowly in the CFD-DEM simulations than in the CPM simulations. For example, in Fig. 6 at453

t = 2.5 s, CFD-DEM still shows a noticeable unmixed cluster of yellow particles as marked by454

the red circle, whereas the CPM simulation already appears fully mixed at the same time. This455

slower mixing in CFD-DEM is likely related to the way particle contacts are modeled. In CFD-456

DEM, particle interactions are described using a nonlinear Hertzian contact model, which leads457

to higher energy dissipation during collisions. By contrast, CPM represents particle contacts458

through a particle stress closure. Because this approach does not resolve individual particle459

contacts, it cannot capture contact force chains that develop in densely packed regions. Examin-460

ing the granular temperature profiles within the bed can help explain why CPM predicts faster461

mixing than CFD–DEM, as shown in Fig. 7. The granular temperature was calculated using462

the method explained in our previous studies (Esgandari and Schneiderbauer, 2025; Esgandari463

et al., 2025). It can be seen that both CFD–DEM and CPM predict a similar granular temper-464

ature trend, with the highest values occurring at the center of the bed. However, CFD–DEM465

predicts considerably lower granular temperature values. This difference stems from the ex-466

plicit resolution of inelastic particle–particle collisions in CFD-DEM, which are one of the main467

sources of granular temperature dissipation, as discussed in our previous work (Esgandari et al.,468

2025).469

(a) (b)

Fig. 5: Comparison of the mixing degree obtained from (a) Lacey index and (b) Nearest distance method from
CFD-DEM and CPM simulations with different δf values in the fluidized bed.
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t = 0 s t = 2.5 s t = 5 s 

CFD-DEM

CPM (δf = 7dp)

Fig. 6: Comparison of the mixing of the particles obtained from CFD-DEM and CPM (δf = 7dp) at different
simulation instants in the fluidized bed.

(a) (b)

Fig. 7: Comparison of the time-averaged granular temperature obtained from CFD-DEM and CPM (δf = 7dp)
at (a) z = 0.05 m and (b) z = 0.1 m in the fluidized bed.

4.2. Single-spout fluidized bed of Link et al. (2008)470

4.2.1. Simulation settings471

We choose to investigate the performance of the CPM and MP-PIC (Barracuda) simulations472

against experiments in a single-spout fluidized bed. To this end, we adopt the particle velocity473

data obtained using Positron Emission Particle Tracking (PEPT) method in the single-spout474

fluidized bed experiments of Link et al. (2008). The geometry of the bed is presented in Fig.475

8. The spouting gas and background gas velocities corresponding to Jet-in-fluidized bed flow476
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regime are 65 m s−1 and 3.5 m s−1. According to Link et al. (2008) observations, in jet-in-477

fluidized-bed regime, a spout channel forms within the bed while small bubbles emerge in the478

annulus, interacting with one another and ultimately leading to the formation of a fountain and479

the spout channel closes halfway up (Link et al., 2008). For all simulations a grid resolution480

of 21 × 14 × 100 leading to 1.82dp × 1.5dp × 2.5dp grid size was employed. This grid size is481

based on the grid sensitivity study of Yang et al. (2014) and which was adopted in previous482

works (Link et al., 2008; Hoorijani et al., 2024) as well. The material properties and simulation483

parameters are listed in Table 3. The total number of Geldart D particles in the bed is 44800.484

The simulations were ran for 15 s to achieve a statistically steady state, and the statistics485

were averaged from 5 s to 15 s. No-slip boundary condition was employed on the gas phase at486

the walls. At the spout and background inlets, a uniform gas velocity was specified, whereas487

atmospheric pressure was applied at the top outlet. The computational time for 1 s of simulation488

on 16-core CPU with 2.6 GHz frequency in case of CPM and CFD-DEM simulations was 442489

s and 1225 s, respectively.490

15.4 cm

8.4 cm

100 cm

1.1cm
2.2 cm

Ug,sp

Ug,bg 

Fig. 8: The geometry of single-spout fluidized bed of Link et al. (2008). The Ug,sp is 65 m s−1 and Ug,bg is 3.5
m s−1.

4.2.2. Validation results491

Fig. 9 compares the time-averaged particle velocity predicted by MP-PIC (Barracuda) and492

CPM without smoothing, using the Wen and Yu (1966) drag model and the Beetstra et al.493

(2007) drag model, against the PEPT measurements of Link et al. (2008). Qualitatively, all494

simulations capture the key features of the spouting flow regime. In the spout region, particles495

are carried upward by the gas flow, then fall back onto the bed surface in the fountain region496
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Table 3: Simulation parameters related to single-spout fluidized bed of Link et al. (2008).
Property Value Unit

dp 4.04 mm
µf 1.8× 10−5 kg m−1 s−1

ρf 1.2 kg m−3

ρp 2596 kg m−3

g 9.81 m s−2

ep−p 0.8 -
µp−p 0.3 -
αQS 0.1 -
αmax
p 0.65 -
αint 0.1 -
αinert 0.04 -
k 1000 N m−1

∆t 0.00025 s

due to gravity. They then move downward through the annulus and re-enter the spout near497

the gas inlet. At z = 0.15 m, the RMSE values relative to the experimental data for CPM498

without smoothing and MP-PIC are 0.243 and 0.253, respectively, with the Wen and Yu (1966)499

drag model, and 0.185 and 0.221, respectively, with the Beetstra et al. (2007) drag model.500

At z = 0.15 m, the CPM results without smoothing show that the Beetstra et al. (2007) drag501

model predicts higher particle velocities in the spout region than the Wen and Yu (1966) model,502

leading to better agreement with the experimental data. The MP-PIC (Barracuda) simulations503

also agree well with the experiments in the spout region; however, in the annulus region, they504

significantly under-predict the downward particle velocity compared to both the experiments505

and the CPM results. At z = 0.25 m, the RMSE values relative to the experimental data506

for CPM without smoothing and MP-PIC are 0.326 and 0.594, respectively, with the Wen507

and Yu (1966) drag model, and 0.231 and 0.547, respectively, with the Beetstra et al. (2007)508

drag model. At z = 0.25 m, the CPM simulation using the Beetstra et al. (2007) drag model509

again shows good agreement with the experimental data. In contrast, the MP-PIC (Barracuda)510

results under-predict both the upward particle velocity in the spout and the downward particle511

velocity in the annulus. The under-prediction of particle velocity in the MP-PIC (Barracuda)512

simulations can be attributed to the particle stress model used. As shown in Fig. 10, MP-513

PIC (Barracuda) predicts a weaker gas-jet penetration into the bed compared with CPM. In514

addition, small bubbles are observed near the side walls in the MP-PIC (Barracuda) simulation,515

whereas such structures are absent in the CPM simulation. Based on these observations, the516

CPM simulation without smoothing using the Beetstra et al. (2007) drag model provides the517

best overall agreement with the experimental data.518
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(a) (b)

(c) (d)

Fig. 9: Comparison of the time-averaged vertical particle velocity obtained from CPM and MP-PIC (Barracuda)
with the PEPT measurements of Link et al. (2008) in the single-spout fluidized bed. (a, b) z = 0.15 m and (c,
d) z = 0.25 m. Left column: simulations with Wen and Yu (1966) drag model and right column: simulations
with Beetstra et al. (2007) drag model.

4.2.3. Effect of different smoothing characteristic sizes (δf) on CPM simulations519

To examine the effect of the smoothing characteristic size on CPM predictions for the single-520

spout fluidized bed, simulations were performed without smoothing and with δf = 3dp, 5dp,521

7dp, and 10dp. We carried out a CFD-DEM simulation, providing a more detailed reference for522

assessing the CPM results. To ensure consistency with the CPM simulations, particle rotation523

was not included in the CFD-DEM simulation.524

Time-averaged particle velocity and volume fraction profiles525

Fig. 11 indicates the time-averaged vertical particle velocity predicted by CFD-DEM and526

CPM simulations with different δf values, together with the experimental data of Link et al.527

(2008). At z = 0.15 m, the particle velocity in the spout region decreases as δf increases.528

23

                  



(a) (b)

Fig. 10: Instantaneous particle distribution at t = 15 s from (a) CPM and (b) MP-PIC (Barracuda) in the
single-spout fluidized bed.

This is because the spout channel has a cross-section of only 5.4dp × 2.7dp, while all smoothing529

characteristic lengths considered are larger than the spout width. As a result, the spout channel530

is excessively smoothed, which weakens the predicted jet penetration, as also shown in Fig. 12.531

However, the downward particle velocity in the annulus is less affected by δf than the velocity532

in the spout. At z = 0.15 m, the RMSE values relative to the experimental data for CFD-DEM533

and CPM without smoothing, and CPM with δf = 3dp, 5dp, 7dp, and 10dp are 0.111, 0.185,534

0.212, 0.311, 0.403, and 0.534, respectively. The CPM simulation without smoothing shows535

good agreement with both the CFD-DEM results and the experimental data. At z = 0.25 m, a536

similar trend is observed: the particle velocity decreases with increasing δf . At z = 0.25 m, the537

RMSE values relative to the experimental data for CFD-DEM and CPM without smoothing,538

and CPM with δf = 3dp, 5dp, 7dp, and 10dp are 0.098, 0.231, 0.239, 0.254, 0.311, and 0.444,539

respectively. The CPM simulation without smoothing provides the closest agreement with the540

CFD-DEM results and the experimental data.541

Fig. 12 shows the time-averaged particle volume fraction profiles obtained from the CFD-542

DEM and CPM simulations with different δf values for the single-spout fluidized bed. In the543

CFD-DEM simulation, a dilute spout channel forms at the center of the bed, while the dense544

annulus region is located near the side walls. A dilute fountain region is also observed above545

the bed surface. The CPM results show that increasing the smoothing filter size beyond 3dp546

causes the central spout channel to disappear. Fig. 13 presents the laterally and time-averaged547

particle volume fraction along the bed height for the CFD-DEM and CPM simulations with548
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(a) (b)

Fig. 11: Comparison of the time-averaged vertical particle velocity obtained from CPM and CFD-DEM using
Beetstra et al. (2007) drag model with the PEPT measurements of Link et al. (2008) in the single-spout fluidized
bed at various δf values. (a) z = 0.15 m and (b) z = 0.25 m.

different δf values. Below z = 0.2 m, the CPM simulations under-predict the particle volume549

fraction compared to CFD-DEM, and this under-prediction becomes stronger as δf increases.550

Between z = 0.2 m and z = 0.3 m, the CPM results are close to the CFD-DEM predictions.551

Above z = 0.3 m, the CPM simulation without smoothing shows the best agreement with the552

CFD-DEM results.553

Fig. 12: The time-averaged particle volume fraction profiles obtained from CFD-DEM and CPM simulations
using various δf values in the single-spout fluidized bed.

Particle mixing554

The mixing evolution in the single-spout fluidized bed, quantified using the NDM, is shown555

in Fig. 14. As discussed earlier, the Lacey index is not well suited for spouted and fluidized556
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Fig. 13: The laterally and time-averaged particle volume fraction along the bed height from CFD-DEM and
CPM simulations with different δf values in the single-spout fluidized bed.

beds; therefore, its results are not reported here. Similar to the observations for the fluidized557

bed, mixing occurs more rapidly in the CPM simulations than in the CFD-DEM simulations,558

as also evident from Fig. 15. Moreover, the CPM results indicate a slight increase in the mixing559

rate with increasing δf .560

Fig. 14: Comparison of the mixing degree obtained using Nearest distance method (NDM) from CFD-DEM
and CPM simulations with different δf values in the single-spout fluidized bed.
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t = 0 s t = 1.5 s t = 3 s 

CFD-DEM

CPM without smoothing

Fig. 15: Comparison of the mixing of the particles obtained from CFD-DEM and CPM without smoothing at
different simulation instants in the single-spout fluidized bed.

4.3. Triple-spout fluidized bed of van Buijtenen et al. (2011)561

4.3.1. Simulation settings562

Experimental data from the triple-spout fluidized bed study of van Buijtenen et al. (2011)563

were employed to assess the performance of the CPM. The corresponding simulation parameters564

and material properties are summarized in Table 4, while the bed geometry is presented in Fig.565

16. The computational grid size was approximately 1.67dp to resolve the spouts in the x-566

direction, resulting in 87× 4× 360 cells in the x-, y-, and z-directions, respectively. This grid567

spacing size was chosen based on the grid independence studies of Schneiderbauer et al. (2012)568

and Yang et al. (2016). A total of 107000 Geldart D particles was used in the simulations. Each569

simulation was conducted for 20 s to achieve a statistically steady state, and the statistics were570

averaged from 5 s to 20 s. No-slip boundary condition was imposed on the gas phase at the walls.571

At the spout and background inlets, a uniform gas velocity was specified, whereas atmospheric572

pressure was applied at the top outlet. The computational time for 1 s of simulation on 16-core573

27

                  



CPU with 2.6 GHz frequency in case of CPM and CFD-DEM simulations was 2767 s and 9770574

s, respectively.575

Table 4: Simulation parameters related to triple-spout fluidized bed of van Buijtenen et al. (2011).
Property Value Unit

dp 3 mm
µf 1.8× 10−5 kg m−1 s−1

ρf 1.2 kg m−3

ρp 2505 kg m−3

g 9.81 m s−2

ep−p 0.8 -
µp−p 0.3 -
αQS 0.1 -
αmax
p 0.65 -
αint 0.1 -
αinert 0.04 -
k 1000 N m−1

∆t 0.00025 s

43.5 cm

2 cm

180 cm

Ug,sp

Ug,bg 

Ug,sp Ug,sp

Fig. 16: The geometry of triple-spout fluidized bed of van Buijtenen et al. (2011). The Ug,sp is 43.8 m s−1 and
Ug,bg is 2.3 m s−1.

4.3.2. Validation results576

Fig. 17 compares the time-averaged particle velocity predicted by MP-PIC (Barracuda)577

and CPM with δf = 5dp, using Wen and Yu (1966) drag model and Beetstra et al. (2007)578

drag model, against the Paticle Image Velocimetry (PIV) and PEPT measurements of van579

Buijtenen et al. (2011). At z = 0.02 m, both MP-PIC (Barracuda) and CPM overpredict580

the particle velocity in the spout regions relative to the experimental data. At z = 0.02 m,581

the RMSE values relative to the PIV data for CPM (δf = 5dp) and MP-PIC are 0.090 and582

0.101, respectively, with the Wen and Yu (1966) drag model, and 0.155 and 0.168, respectively,583
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with the Beetstra et al. (2007) drag model. It can be seen from the RMSE values that the584

discrepancies are smaller for CPM compared to the experiments. At z = 0.05 m, the CPM585

results show good agreement with the measurements, with Wen and Yu (1966) drag model586

providing the closest match. The RMSE values relative to the PIV data for CPM (δf = 5dp)587

and MP-PIC are 0.106 and 0.204, respectively, with the Wen and Yu (1966) drag model, and588

0.114 and 0.198, respectively, with the Beetstra et al. (2007) drag model. At z = 0.1 m, the589

experiments clearly show that the spouts have merged, whereas this behavior is not captured590

by the MP-PIC (Barracuda) simulations. In contrast, the CPM results reproduce the spout591

merging to a greater extent, with Beetstra et al. (2007) drag model showing slightly better592

merging behavior than Wen and Yu (1966) drag model. The RMSE values relative to the PIV593

data for CPM (δf = 5dp) and MP-PIC are 0.164 and 0.245, respectively, with the Wen and594

Yu (1966) drag model, and 0.158 and 0.253, respectively, with the Beetstra et al. (2007) drag595

model. The inability of MP-PIC (Barracuda) to capture spout merging is attributed to the596

particle stress model used in Barracuda (Eq. (39)), which generates a large particle stress that597

prevents the spouts from merging, as is also evident from Fig. 18. Nevertheless, among the598

CPM cases, Wen and Yu (1966) drag model was selected for the subsequent simulations because599

it provides the overall best agreement with the experimental data.600

4.3.3. Effect of different smoothing characteristic sizes (δf) on CPM simulations601

To investigate the effect of the smoothing characteristic size on the CPM simulation of the602

triple-spout fluidized bed, we performed simulations without smoothing and with δf = 3dp,603

5dp, 7dp, and 10dp. Furthermore, based on the validation results, we carried out a CFD-DEM604

simulation employing the Wen and Yu (1966) drag model and δf = 5dp to further assess the605

CPM predictions against a more detailed simulation approach. To remain in line with the CPM606

simulations, particle rotation was not included in the CFD-DEM simulations.607

Time-averaged particle velocity and volume fraction profiles608

Fig. 19 presents the time-averaged vertical particle velocity profiles obtained from CFD-609

DEM and CPM simulations with different values of δf , together with the experimental data610

of van Buijtenen et al. (2011). At z = 0.02 m, the particle velocity decreases as δf increases.611

This behavior may be attributed to the smoothing effect, which reduces jet penetration into the612

bed as also discussed around Fig. 11 for the single-spout fluidized bed. In addition, the CPM613

simulations without smoothing and with δf = 3dp overpredict the particle velocity relative to614

the experiments, whereas the CPM simulation with δf = 10dp underpredicts it. The RMSE615
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(a) (b)

(c) (d)

(e) (f)

Fig. 17: Comparison of the time-averaged vertical particle velocity obtained from CPM and MP-PIC (Bar-
racuda) with the PIV and PEPT measurements of van Buijtenen et al. (2011) in the triple-spout fluidized bed.
(a, b) z = 0.02 m, (c, d) z = 0.05 m, and (e, f) z = 0.1 m. Left column: simulations with Wen and Yu (1966)
drag model and right column: simulations with Beetstra et al. (2007) drag model.

values relative to the PIV data for CFD-DEM and CPM without smoothing, and CPM with616

δf = 3dp, 5dp, 7dp, and 10dp are 0.085, 0.158, 0.119, 0.090, 0.142, and 0.128, respectively.617

Among the CPM cases, the simulation with δf = 5dp shows the closest agreement with the618
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(a) (b)

Fig. 18: Instantaneous particle distribution at t = 20 s from (a) CPM and (b) MP-PIC (Barracuda) in the
triple-spout fluidized bed.

CFD-DEM results. At z = 0.05 m, the CPM simulations without smoothing and with δf = 3dp619

again overpredict the particle velocity. In contrast, the CPM simulations with δf = 7dp and620

10dp, as well as the CFD-DEM simulation, underpredict the particle velocity in the right and621

central spout channels. Near the side walls, the CFD-DEM results are in better agreement622

with the experimental data, which may be due to the explicit resolution of individual particle-623

wall collisions in this approach. The discrepancy between CPM simulations and experimental624

results near the walls arises from the treatment of particle–particle interactions. In CPM, these625

interactions are represented using a closure model. Near the walls, particles accumulate and626

form a quasi-statice region, where the stress closure model cannot capture particle interactions627

as accurately as CFD–DEM, which resolves individual particle contacts. In particular, the628

stress model in CPM is similar to fluids, where there is no shear stress in the case of zero629

strain, which is in contrast to particle flows supporting shear even though the particles are630

at rest. Therefore, the observed discrepancies in CPM are not caused by its treatment of631

particle–wall contacts. The RMSE values relative to the PIV data for CFD-DEM and CPM632

without smoothing, and CPM with δf = 3dp, 5dp, 7dp, and 10dp are 0.124, 0.229, 0.153,633

0.106, 0.128, and 0.119, respectively. At z = 0.1 m, it is evident that spout merging does not634

occur in the CPM simulations without smoothing or with δf = 3dp. However, as δf increases,635

the degree of spout merging becomes more pronounced. The CFD-DEM simulation shows the636

closest agreement with the experimental data, particularly in the central region of the bed. The637

RMSE values relative to the PIV data for CFD-DEM and CPM without smoothing, and CPM638

with δf = 3dp, 5dp, 7dp, and 10dp are 0.116, 0.326, 0.260, 0.164, 0.165, and 0.151, respectively.639
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(a) (b)

(c)

Fig. 19: Comparison of the time-averaged vertical particle velocity obtained from CPM and CFD-DEM using
Wen and Yu (1966) drag model with the PIV and PEPT measurements of van Buijtenen et al. (2011) in the
triple-spout fluidized bed at various δf values. (a) z = 0.02 m, (b) z = 0.05 m, and (c) z = 0.1 m.

Fig. 20 shows the time-averaged particle volume fraction profiles obtained from the CFD-640

DEM and CPM simulations. The results clearly demonstrate the strong influence of the smooth-641

ing characteristic size on the CPM predictions. In the CPM simulations without smoothing642

and with δf = 3dp, the spouts do not merge at the same height as in the CFD-DEM results.643

In our previous work (Esgandari et al., 2023), we showed using TFM that spout merging is644

sensitive to the particle stress. Similar to CPM, TFM relies on a continuum particle stress645

closure, and excessively large particle stresses can prevent the spouts from merging. In CPM,646

smoothing reduces sharp particle stress gradients and lowers the particle stress in the region647

between the spouts, thereby promoting their merging. Therefore, the observed merging is not648

a numerical diffusion effect caused by the grid size, which is relatively small (1.67dp). Instead,649

it reflects a limitation of continuum particle stress models, which can predict unrealistically650

large particle stresses in the absence of smoothing. By contrast, in CFD–DEM, the particle651

32

                  



stress is determined from explicitly resolved physical contact interactions. It can also be seen652

that for δf = 10dp, the particles located between the spouts in the CFD-DEM results are no653

longer present in the CPM prediction, indicating that this characteristic size leads to excessive654

smoothing of the fields. In addition, the CPM simulations appear to predict larger bubble655

sizes than CFD-DEM, as reflected by the thinner dense particle layers near the side walls in656

CPM. Among the CPM cases, the simulation with δf = 5dp shows the closest agreement with657

CFD-DEM.658

Fig. 20: The time-averaged particle volume fraction profiles obtained from CFD-DEM and CPM simulations
using various δf values in the triple-spout fluidized bed.

Fig. 21 presents the laterally and time-averaged particle volume fraction profiles as a func-659

tion of bed height for the CFD-DEM and CPM simulations with different values of δf . At660

heights below approximately 0.025 m, the particle volume fraction decreases as δf increases,661

indicating the formation of larger bubbles in the CPM simulations. In addition, as already662

observed in the particle volume fraction profiles in Fig. 20, the bed height, defined as the663

elevation at which bubbles erupt, increases with increasing δf . A good agreement between664

CFD-DEM and the CPM simulation with δf = 5dp is observed near the bottom of the bed.665

However, in the range z = 0.05-0.3 m, CFD-DEM predicts a denser particle phase than CPM.666

Above this region, the difference between CFD-DEM and CPM with δf = 5dp becomes smaller,667

and both approaches predict nearly the same bed height. This is also consistent with the visual668

comparison in Fig. 20.669

Particle mixing670

The mixing degree over time in the triple-spout fluidized bed, evaluated using the NDM,671

is shown in Fig. 22. The results show that the smoothing characteristic size has an important672
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Fig. 21: The laterally and time-averaged particle volume fraction along the bed height from CFD-DEM and
CPM simulations with different δf values in the triple-spout fluidized bed.

effect on the predicted mixing behavior. As δf increases, mixing occurs faster in the CPM673

simulations. The CPM simulation without smoothing predicts the slowest mixing because the674

jets do not merge at lower bed heights, which reduces the mixing rate compared with the675

smoothed CPM cases, as shown in Fig. 23. Consistent with the observations for the single-676

spout fluidized bed and the conventional fluidized bed, the CPM simulations with smoothing677

predict faster mixing than the CFD-DEM simulations, as also evident in Fig. 23. Overall, the678

CPM results indicate that increasing δf enhances the mixing rate in the triple-spout fluidized679

bed.680

Fig. 22: Comparison of the mixing degree obtained using Nearest distance method (NDM) from CFD-DEM
and CPM simulations with different δf values in the triple-spout fluidized bed.
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t = 0 s t = 2 s t = 4 s t = 10 s 

CFD-DEM

CPM without smoothing

CPM (δf = 5dp)

Fig. 23: Comparison of the mixing of the particles obtained from CFD-DEM, CPM without smoothing, and
CPM using δf = 5dp at different simulation instants in the triple-spout fluidized bed.

5. Conclusion and outlook681

In this work, we presented a new CPM implementation based on a face interpolation ap-682

proach. We compared CPM, MP-PIC (Barracuda), and CFD-DEM in spout-fluidized and683

fluidized bed cases using experimental data. In particular, we validated the simulations against684

time-averaged particle velocity data and found that CPM agrees well with the experiments,685

while MP-PIC (Barracuda) shows larger deviations. By comparing two drag models, one ob-686

tained from experiments and one derived from DNS simulations, we showed that the incorrect687

behavior of MP-PIC (Barracuda) simulations does not result from the choice of drag model.688

Instead, it stems from the simplified particle stress model, which depends only on the particle689

fraction and includes only isotropic particle pressure. In contrast, the particle stress model690

used in our CPM simulations includes isotropic particle pressure as well as viscous and fric-691

tional particle stresses. We showed that using a particle stress model that accounts for all these692

stress contributions leads to good agreement with both experiments and CFD-DEM data.693

We examined how smoothing particle data fields affects CPM simulations. Studying the694

effect of the smoothing characteristic size showed that the most appropriate value depends695

on the particle size, grid size, and specific features of the system. In homogeneous fluidized-696
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bed systems, the smoothing characteristic size used in this study, 7dp, is larger than the grid697

size, 4.6dp, while remaining sufficiently small to resolve the smallest bubbles. In our previous698

work (Esgandari and Schneiderbauer, 2025), we showed that this smoothing characteristic size699

produces grid-independent results for unbounded homogeneous fluidization systems. Therefore,700

for homogeneous systems such as bubbling fluidized beds, a smoothing characteristic length701

of approximately 1.5 times the grid size is recommended. For the single-spout fluidized bed,702

resolving the distinct spout channel is more important. Based on the spout channel cross-section703

of 5.4dp × 2.7dp, the smoothing characteristic sizes considered in this study are larger than the704

channel width of 2.7dp, which causes the spout channel to be smeared. Therefore, smoothing is705

not recommended when the spout channel width is smaller than the smoothing characteristic706

length. For the triple-spout fluidized bed, as shown in our previous work (Esgandari et al.,707

2023), the correct system behavior depends strongly on the particle stress in the regions between708

the spouts, and smoothing is therefore required. For this system, a smoothing characteristic709

length of 7dp, corresponding to approximately three grid cells, is recommended.710

In addition, we studied particle mixing using two mixing indices: a grid-based method,711

namely the Lacey index, and a distance-based method, namely the Nearest Distance Method.712

We showed that the Lacey index is not suitable for evaluating the degree of mixing in fluidized713

and spout-fluidized beds because these systems contain dense and dilute regions at the same714

time. In particular, dilute regions create grid cells with very low particle concentrations, which715

can distort the cell-based statistics and lead to artificial behavior in the Lacey index. Therefore,716

we selected the Nearest Distance Method to compare the mixing evolution between CPM and717

CFD-DEM simulations. We found that although CPM agrees well with CFD-DEM in terms718

of time-averaged particle velocity and volume fraction, it predicts a faster mixing rate than719

CFD-DEM in all cases studied in this paper. In addition, it was shown that CPM is 8×,720

2.8×, and 3.5× faster than CFD-DEM in case of fluidized bed, single-spout fluidized bed, and721

triple-spout fluidized bed simulations, respectively.722

This work provides essential insights into the application of CPM compared with MP-PIC723

and CFD-DEM, particularly for industrial-scale chemical engineering systems where CFD-DEM724

is computationally prohibitive. We also revealed the advantage of CPM over MP-PIC in dense725

fluidized systems. Future studies should extend these comparisons to dilute systems, such as726

risers. In addition, CPM can account for polydisperse particles, and comparisons with CFD-727

DEM would help further extend its range of applications. Furthermore, extending the CPM728

model to include heat transfer and reactions could be beneficial for applications such as iron729

ore reduction in industrial-scale fluidized beds (Schneiderbauer et al., 2020).730
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Appendix A. Influence of P ∗ and β parameters in the particle stress model of749

Harris and Crighton (1994) on MP-PIC (Barracuda) simulations750

We investigated the effects of the P ∗ and β parameters in the particle stress model of Harris751

and Crighton (1994) on MP-PIC (Barracuda) simulations of the bubbling fluidized bed studied752

by Gopalan et al. (2016), as shown in Fig. A.1. The results indicate that varying P ∗ and β does753

not improve the MP-PIC predictions. Moreover, increasing P ∗ beyond 20 suppresses bubbling754

in the bed.755

Appendix B. Effect of particle rotation in CFD-DEM simulations756

Fig. B.1 compares the time-averaged axial particle velocity predicted by CFD–DEM sim-757

ulations with and without particle rotation for the bubbling fluidized bed studied by Gopalan758
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Fig. A.1: Comparison of the time-averaged vertical particle velocity obtained from MP-PIC (Barracuda) using
various P ∗ and β parameters.

et al. (2016). Including particle rotation reduces the magnitude of the downward particle veloc-759

ity in the dense near-wall regions, likely because of increased dissipation of particle momentum.760

In contrast, particle rotation has little influence on the velocity profile in regions farther from761

the walls.762

Fig. B.1: The time-averaged axial particle velocity predicted by CFD–DEM simulations with and without
particle rotation.

Appendix C. Influence of the computational cell size on Lacey index predictions763

To investigate the effect of computational cell size on the predicted Lacey mixing index,764

five different cell configurations were examined using the coarse-particle model (CPM) with765

(δf = 7dp), as shown in Fig. C.1. The results demonstrate that the predicted Lacey index is766

sensitive to the selected cell size. As the cell size decreases, corresponding to an increase in the767
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number of computational cells, the maximum degree of mixing decreases and the magnitude of768

the fluctuations increases. Based on this sensitivity analysis, a grid comprising (16 × 5 × 80)769

cells was selected for the evaluation of particle mixing in this study.770

Fig. C.1: Comparison of the mixing degree in CPM (δf = 7dp) obtained from Lacey index using different cell
sizes.
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